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Viscous Shock-Layer Flowfield Analysis
by an Explicit-Implicit Method
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The present work extends the recently reported implicit analog of MacCormack's earlier, widely used explicit
method to external axisymmetric laminar flows with strong entropy gradients. The details of the "numerics" of
the implicit part are provided in a body-oriented coordinate system with a moving outer (shock) boundary dur-
ing the transient part of the solutions. The limiting values of the Courant number are obtained when the shock
boundary is treated explicitly. The solution algorithm outlined includes the treatment of the source term
associated with the equations in weak conservation form. From the results obtained for two sample problems, it
becomes clear that accuracy of predictions is, indeed, very good at higher values of the Courant number. There
is a significant saving in overall computing time, depending on the Courant number used and the flow Reynolds
number. These properties combined with the simplicity of programming of the implicit analog may appeal to
researchers in the analysis of three-dimensional flow problems.

Nomenclature
= corrector
= constants with values less than or equal to unity
= skin-friction coefficient, (2^^/Re) (du/dn)w
= heat-transfer coefficient, (2^w/PrRe) (dh/dn)w
= Courant number
= speed of sound, yp/p
= constant in Sutherland's law of viscosity, K
= nondimensional total enthalpy, H*/U^2

= nondimensional specific enthalpy, h*/U%,2
= finite difference point in s and n directions,

respectively
= thermal conductivity
= count of time steps
= freestream Mach number
= molecular weight of mixture
= coordinate direction normal to the body, n*/R^
= predictor
= Prandtl number, C*p.*/K*
= nondimensional pressure, p*/p^ U^2

= gas constant
= freestream Reynolds number, p£ U^R^/^
= body radius normal to the body axis, r*/R%
- coordinate measured along the body, s*/R^
~ nondimensional temperature,
= freestream temperature, K
= nondimensional time, t*U^/R
= freestream velocity, m/s
= nondimensional tangential velocity, u*/
= nondimensional normal velocity, v*/
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= shock angle
= mesh refinement parameter
=7-1
= r + ncosB
= transformed coordinate along the body surface
= transformed coordinate normal to the body
= ratio or specific heats
= shock standoff distance, d*/R^
= local curvature, K*/R^> also time step counter
= 1 + na
= nondimensional viscosity, />t*/^J,
= freestream viscosity, Ns/m2

= nondimensional density, p*/p £
= freestream density, kg/m3

= transformed time variable
= body angle
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r
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Superscript

( )* = dimensional quantity
Subscripts

w = conditions at the wall
= conditions at the axis of symmetry
= conditions in the freestream

Introduction

MUCH progress has been made in the recent past in devel-
oping computationally efficient methods for solving the

equations of compressible viscous flow. Foremost among
these are the implicit time-dependent finite difference
techniques,1'3 which are not subject to the conventional
stability condition of explicit methods.4 However, the applica-
tion of these techniques is frequently limited by the large com-
puter time per step, their programming complexity, and severe
accuracy criteria. These limitations increase in severity in
three-dimensional flow analysis. In 1981, MacCormack pre-
sented5 an implicit analog of his earlier widely used explicit
method.4 One of the basic features of this implicit analog is
that it involves the inversion of only upper or lower block bidi-
agonal matrices, as opposed to the more costly inversion of
block tridiagonal matrices needed in the existing implicit
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methods.1'3 The other major advantage of the method of Ref.
5 is that, with more complex problems, only the explicit part
of the code increases in complexity. The implicit step, which is
simply the numerics to obtain enhanced stability with larger
values of the Courant numbers, is not affected. Since it is
easier to program the explicit part even with the increased
complexities, the potential for this method is greatly en-
hanced, especially for three-dimensional flow problems.6
Moreover, running a program fully explicitly can provide
solutions for comparison and check when the implicit analog
is used. This is an important feature, because the accuracy
check is not available with the other implicit methods. The im-
plicit part in MacCormack's new method5 is merely an "add-
on" to the explicit part.4

Recently, Refs. 7-9 presented solutions for internal flow
problems, whereas Ref. 10 provided results for external tran-
sonic flows with an integral formulation by using the new im-
plicit method. References 7 and 9 have basically used MacCor-
mack's method in Cartesian coordinates as presented in Ref.
5. The results of Ref. 8 were obtained in more general coor-
dinates £ (x,y), rj (x,y) for a fixed outer boundary, and Ref. 10
employed the Cartesian velocity vectors in the solution vector.
Except for Ref. 9, the equations solved in these analyses were
of strong conservation form. Reference 11 outlined a pro-
cedure for the governing equations which appear in "weak"
conservation form. In this form the source terms, which are
introduced into the equations by coordinate transformation
and/or turbulence modeling, appear outside the derivatives of
the conserved variables.

In the present analysis, MacCormack's implicit analog has
been extended to external axisymmetric laminar flows with
strong entropy gradients. The matrices involved in the
"numerics" of the implicit part have been obtained in a body-
oriented coordinate system with a moving outer boundary.
The limiting values of the Courant number are provided when
the shock boundary is treated explicitly. The method switches
automatically from the implicit to fully explicit mode
whenever the time step, A/, satisfies the explicit stability condi-
tion. In general, the method becomes implicit only in regions
where the gradients of the flow variables are large and a re-
fined mesh is needed for higher accuracy.

Analysis
Flow Governing Equations

The time-dependent viscous-shock-layer equations
employed in the present analysis can be obtained from the
unsteady Navier-Stokes equations by keeping terms up to sec-
ond order in the inverse square root of the Reynolds number
in both the viscous and inviscid regions of the shock layer.
These equations, when represented in the body-oriented coor-
dinate system (see Fig. 1) for a perfect gas flow at zero angle of
attack, are expressed as12'13

dU dM dN—+— +—
dt ds dn (1)

where the vectors U, M, N, and Q are given in Ref. 13.
The following limiting form of the governing equations is

obtained at the axis of symmetry by differentiating Eq. (1)
with respect to s and taking a limit as s-*013:

(2)
dt dn

In addition to Eqs. (1) and (2), the equation of state for a
perfect gas and Sutherland's law of viscosity are employed.14

Transformation to Computational Plane
The first of the two independent transformations14

employed maps the physical domain into a rectangular region

in which both the shock and the body are made boundary
mesh lines of the computational region. The second transfor-
mation maps the computation region to another plane to allow
higher resolution through the viscous layer near the surface.
With these two transformations, Eqs. (1) and (2) are
transformed to14:

dU dN dN
dr drj

.
+Q = 0

dU0 dM0 dN0

dr d£ dry

(3)

(4)

where U=U/J, M = M£S/J, N = ( Ur,t + Mys +Ni\n)/J,
Q = Q/J, U0==U0/J, mM0=M0£s/J, N0=(U0r]t +
MO^S +N07jn)/J, Q = Q0/J, and /is the transformation Jaco-
bian given as

d(t,s,n)

Elements of the Numerical Integration Method
Since the numerical integration method has been adopted

from Ref. 5, the development of the method presented herein
for a body-fitted coordinate system with the moving outer
boundary will not contain the details provided there. The
method outlined here will povide details more specific to the
problem being analyzed. Equation (3) may be integrated in
time by the following implicit predictor-corrector set of finite
difference equations:

For k odd

Explicit part:

Implicit part:

-^^•^(W

(5a)

SHOCK

Fig. 1 Coordinate system.
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(9)

au u

(5b)

where the source terms QA and QB represent parts of the total
source identified with the coordinates £ and 17, respectively, as
discussed in Ref. 1 1 . Based on the definition of Q given in Ref.
13, QA and QB are provided in Appendix A.

For k even, the order of differencing is reversed14 in the
streamwise direction (while retaining the same order in the
direction normal to the surface) for both the predictor and
corrector steps between consecutive time steps. Further, in
these equations, (A+/A£) and (A + /Ary) are one-sided for-
ward differences and (A_ /A£) ajid (A_/Ar / ) are one-sided
backward differences. \A I and \B\ are matrices^with positive
eigenvalues ̂ and^ are related to the Jacobians A = (dM/dU)
and B= (dN/dU), respectively, and / is the unit matrix. The
dots in the implicit steps indicate that the difference operators
(A+ / IA£ I ), (A+ / lAr/ 1), etc., apply also to all factors to the
right.

Both predictor and corrector consist of two parts: the ex-
plicit part solves the governing equations subject to restrictive
explicit stability conditions; the implicit part removes these
conditions by numerically transforming the equations into an
implicit form.

The Jacobian A and § are related to the Jacobians
A/\ = 8M/8U and B = 8N/8U by

(6)

where £, = d£/dt, £5 = d£/ds, £„ = d%/dn, 77, =
andrjn=drj/dn.

The Jacobian matrices A and B are provided in Appendix
B. In the definition of these matrices u and v are the con-
travarient velocities obtained from

u = £t+ («A)£5 + v£n; v = rit + (u/\)t]s + vyn

Now, the integration method contained in the finite di£
ference Eqs. (5a) and (5b) can be simplified if the matrices A
and B are diagonalized. JCnowing the eigenvalue matrices A^
and AB for A and B, respectively, these matrices are
diagonalized as:

(7)

where S and
1 and S~* are the inverses of

are the eigenvector matrices of A and B, and
and S^, respectively. The

complete definition of these matrices is given in Appendix C.
The diagonal matrices A^ and AB in Eq. (7), formed from

the eigenvalues of A and B, respectively, may be written as:

(8)

~°A1

0

0

0

0

<*A2

0

0

0

0

°A3

0

0

0

0

°A4_

The matrices I A I and IB I in Eqs. (5a) and (5b) may now be
formed by replacing the matrices A^ and AB bym positively
valued diagonal matrices DA and DB. \A\ and \B\ are thus
defined as

\B\ =

where

DA = max( IA^ 1+^7,0.0);

and

(10)

I +\BI,0.0) (11)

\ — I { 'ISA« ——:— I ~r~

with

p.=max
Pr

The constants CA and Cfi are related to the Courant number
used for explicit stability. The Courant number CN is related
to the maximum time step AT permitted in the 17 direction, for
example, through the Courant-Friedrichs-Lewy (CFL) cri-
terion

Here CN is less than or equal to unity for an explicit stable
solution.

Following Ref. 11, a procedure can also be outlined for ob-
taining the Jacobians (3QA/dU) and (d<QB/dU) of the source
term Q( -QA + QB) with respect to U. Justification of this
procedure is provided in Ref. 11. Let

_ &QA _ &QB
*A = Ar~aZP *B=Ar 3u (14)

We now define the scalar matrices \$A I and \$B\ as follows

where <$>A an </>fl are obtained from11

with

(17)^)' 0.0]
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and

PA = max \\AJ I ; pB = max \\BJ I ; j = 1,
j J

(18)

where \Aj is theyth eigenvalue of (dQA/dU) etc. oAmm and
<7flmax in Eq. (17) are obtained from

(19)

and aAj and oBj are defined following Eq. (9), whereas \A and
\B given by Eq. (12).

The constants CA and CB appearing in Eq. (12) are assigned
a value of Vi in Ref. 5. However, if the time step dr in the ex-
pressions for \A and \B is a local minimum, a value of up to
unity may be used for CA and CB to speed up the calculations.

Solution Algorithm and Boundary Conditions
As shown in Eq. (1 1), the elements for the diagonal matrices

DA and DB are non-negative. Whenever the elements become
negative they are replaced by zero. This implies that the CFL
condition, Eq. (13), is satisfied and \A I and \B\ become null
matrices. For this case the implicit portion of the scheme in
Eqs. (5a) and (5b) will be bypassed. For the flow regions where
the CFL condition is not satisfied, the implicit parts in Eqs.
(5 a) and (5b) require the solution of upper-block bidiagonal
system of equations for the predictor step and the solution of
lower-block bidiagonal system of equations for the corrector
step, etc. The integration scheme, for the case where the CFL
criterion is not satisfied, can be illustrated by solving the
predictor part, Eq. (5a), as detailed in the subsequent
paragraphs.

In this algorithm we replace the matrices $A and $B [defin-
ed in Eq. (14)] by scalar matrices \$A I and \$B I provided by
Eqs. (15) and (16). Let

then, the predictor step becomes

j°vi+lj

(20)

and upper-bidiagonal equation and the solution can be ob-
tained for eachy by sweeping in the decreasing / direction.

After obtaining dUfj for all ij, then

(21)

This equation is also upper-bidiagonal and is solved for each /
by sweeping in the decreasing direction. This gives dU^f1 for
all ij. Then

To understand the present method, let us examine the pro-
cedure for solving the block-bidiagonal equation (21) for the r;
coordinate ory direction. If we define

(22)

the Eq. (21), after some matrix multiplication, may be written
as

J (23)

where we have substituted for \B\ from Eq. (10) and
employed the relation \$B I = <$>BI for the scalar matrix \$B I .

The integration procedure in the implicit part begins with
the vectors Ufa, given for all /=!, 2,..., 7 and j= 1,2,..., /;
d&fj givenjor all / = 2,3,..., /-I and y = 2,3,..., /-I and
\B\jj_dfy}1 given for all / = 2,3,..., /- 1. The quantity \S\fa

dUfj1 represents the flux of change that crosses the top mesh
boundary. If this boundary is located in the far flowfield or if
the mesh is stretched so that AT satisfies the local explicit
stability condition (13) at the mesh points near the boundary,
as in the case of the test problems to be discussed later, this
flux is set equal to zero. Otherwise, it should be suitably
specified from the boundary conditions.

Following Ref. 5, the solution algorithm may now be sum-
marized for each / and for y = /-l, 7-2, ..., 3, 2 in the
following seven steps:

( lAi , l /AT) w

3) D = max ( I A* . I + \k
B..I, 0. 0 }

7)

The matrix inversion of step 4 is trivial because the matrix
DB is diagonal. The solution at grid point (ij) is obtained at
step 5, and the flux to be used at grid point (ij- 1) is obtained
at step 7. In the computational plane ( l A ? ? l ) / y + 7
= ( I AT; I )fj = I AT/ I and, if global minimum time step is used,
(Ar) /J+7 = (Ar) / y = AT. For this case Wtj in step 1 is obtained
from

However, if a local minimum time step is employed in the
computational plane with ( lArj I )ij+J = I AT/ I, Wj may be ob-
tained from

For the boundary condition required at the solid wall bound-
ary, the computed end flux terms \B\dU*}] are saved for
use as a boundary condition for the corrector step that sweeps
away from this boundary in the increasing j direction. Using
the reflection principle for the wall placed between the first
and second grid point, the starting flux for the corrector step is
obtained from

where
1 0

0 1

0 0

0 0

0 0

0 0

- 1 0

0 1
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This condition ensures that the net mass, tangential momen-
tum, and energy fluxes transmitted across the wall vanish and
that the net transverse momentum at the solid wall remains
zero between k+ 1 and k+ 1 time steps.

In the present work the Courant number employed in the £
direction was always less than unity due to the large mesh size
employed in that direction. Accordingly, purely explicit bound-
ary conditions are used in the £ direction, implying that the
end flux terms \A\k

j , \A\k
Lj etc. are zero. In

fact, in this case the implicit part in the £ direction is bypassed.
The explicit boundary conditions employed are no slip at

surface, no surface mass transfer, a specified wall tem-
perature, and pressure at the wall is assumed to be equal to the
pressure at the adjacent grid point in the normal direction.

The Rankine-Hugoniot relations are employed for the ex-
plicit outer boundary conditions to obtain flow properties im-
mediately behind the shock. These relations in the body-
oriented coordinate system are provided in Ref. 15. The flow
conditions along the supersonic downstream boundary are ob-
tained by extrapolation from the upstream grid points.

Artificial Damping
A fourth-order damping16 is used in the explicit part of the

corrector step in Eqs. (5a) and (5b) for obtaining stable solu-
tions over a large number of time steps. The following damp-
ing term is used in both the predictor and corrector steps with
the implicit parts:

(Ml*

This term is evaluated during step 3 of the solution algorithm
given previously using the first element of the vector X.
Accordingly, DB in step 3 is obtained from

0.0}

As steady state is approached \Xj I approaches zero and the
added term vanishes.

Discussion of Results
The numerical method presented here has been applied to

two test problems, both involving the analysis of viscous-
shock-layer equations in the body-oriented coordinate system.
These two examples are taken from Refs. 13 and 17 and pro-
vide fairly severe viscous-shock-layer flowfields for testing the
present method. The main difference between the two test
problems is that the first one (taken from Ref. 13) is
characterized by a reference Reynolds number (based on nose
radius and freestream conditions) with a value of about
1.57xl05, whereas the second problem17 has a reference
Reynolds number around 1.23x 106. The flow conditions of
Ref. 17 are considered typical of the Jovian entry conditions.
The reference Reynolds number mentioned here is related18 to
the mesh Reynolds number and provides a criterion by which
the mesh near solid-surface boundaries may be refined.

It may be mentioned that for the two test problems outlined
here, there are no experimental data available, due to the
severe entry conditions. The explicit scheme,4 however, has
frequently been used as a benchmark19'20 for new algorithm
development. Therefore, the results obtained13'17 with the ex-
plicit scheme should provide a good basis for verification of
the implicit analog.

Problem I (Ref. 13)
Probe geometry: 45 deg half- angle spherically blunted cone

with a nose radius (R^) of 0.222 m.
Jovian atmosphere: Hydrogen-helium mixture (0.90

H2 + 0.10 He) under perfect-gas conditions.
Other flowfield parameters: M00= 43.84, 7^ = 145 K,

p£ = 1.27 x 10- 4 kg/m3, T* =4000 K, 7= 1.224, #| = 3593.6 J
kg-1 K- 1 , JRe=

Problem II (Ref. 17)
Probe geometry: 44.25 deg half-angle sphere cone with an

R% of 0.352m.
Jovian atmosphere: Orton nominal atmosphere of

hydrogen-helium mixture (0.895 H2 + 0.105 He) under
perfect-gas assumption.

Other flowfield parameters: M00= 43.76, T^ = \5l.2 K,
p £ = 4 . 9 6 6 x l O ~ 4 kg/m3 , T*=4022.80 K, 7=1.217,
/?* = 3737.45 J kg'1 K"1, Re= 1.227 x 106, Pr = 0.72.

The physical domain, shown in Fig. 1, is transformed14 into
a computational domain with equally spaced grids in both
directions, along and normal to the body surface. With the
help of mesh refinement parameter14 /3 in transformation
equations, the desired degree of refinement may be obtained
near the wall in the physical domain. However, the mesh
refinement is done only to the point at which the mesh
Reynolds number reaches the order of unity.11'18 At this point,
diffusion and convection processes are equally resolved. To go
beyond this point to smaller mesh sizes and hence to lower
mesh Reynolds numbers,§ one would arrive at a mesh scale at
which diffusion dominates. For such problems, more complex
and time-consuming methods1'3 involving tridiagonal inver-
sion procedures should be used. In the present calculations,
the value of 0 was chosen to obtain a mesh Reynolds number18

of order unity and /AAT/ (p (Arj)2 was kept at < Vi to avoid any
possible steady-state solution dependence on AT. This was
done by reducing the time step near the end of the calculation.
The damping coefficient16e used with the explicit part was also
reduced with the reduction in AT so as to permit comparisons
between the solutions having similar amounts of artificial
damping. The damping term associated with the implicit part
goes to zero as steady state is approached.

The various results presented here have been obtained for
Courant numbers ranging from 1 to 15. The maximum value
of CN that may be used without the specification of boundary
values for the implicit part near the shock is limited by the
relation

CN<0.75-

where CB is from Eq. (12) and can have a value of unity or
less. The local minimum time step near the surface (Att)n=0
used in the above relation depends on the mesh size employed
there. Therefore, in this case, where the shock is treated ex-
plicitly and the mesh size near the surface is established by re-
quiring that the mesh Reynolds number be unity, there would
be an upper limit on the value of CN which may be used with
the present method. However, this is not a limitation of the
method. If the shock boundary can be treated implicitly,
values larger than the limiting yalue of CN indicated here may
be used. In fact, the present method is unconditionally stable
if the flux boundary condition \B\dU [see paragraph follow-
ing Eq. (23)] can be evaluated implicitly. It represents the im-
plicit part of the boundary conditions. The evaluation by such
means as lagging in time, etc., will limit the stability of the
present method to smaller Courant numbers as experienced in
Refs. 7 and 8.

Figure 2 gives various time steps that may be employed at a
given body station. The time step shown by curve (2) has been
used for C7V<1 (employing the explicit method4), whereas
curve (4) has been employed with the implicit analog5 for

§As pointed out in Ref. 11, there is a restriction in the present
method on the manner in which, for example, AT and Arj go to zero in
a mesh-refinement procedure. The restriction requires that
/>iAT//o(Arj)2 remain bounded as AT and ATJ-»O. With this restriction,
AT~/o(A>7)2/jLi~0(AT7)2 . This limitation on AT is a nuisance which
one would like to avoid. However, this is the price paid for using a
simple bidiagonal inversion in place of the more complex tridiagonal-
inversion procedures for the viscous terms.
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CN> 1. Time step Atj shown by curve @ is defined as

Af7 = (1-0.0025 j) At,,', j = 1,2,...,100

where Ate is the local minimum time step shown by curve (T)
and j is the mesh point counter with a value of 1 at the wall
(n = 0) and a value of 100 just behind the shock. If a very large
CN is used with the implicit analog, a time step shown by
curve (5) would result and cause the calculations to go im-
plicit from the wall to the shock. The global minimum curve
(3) and the fully-implicit curve (5) have not been used in the
present work and are included for illustration only. It becomes
clear from this figure that, for finer mesh resolution near the
surface, larger values of C7V can be used without needing to
specify the shock-boundary condition implicitly.

A 101 x 15 mesh size has been used in the present computa-
tions with 101 mesh points in the direction normal to the sur-
face. The mesh points along the body were evenly spaced at
A£ ( 35 As) - 0.1963 for problem I and at A£ = 0.1597 for prob-
lem II. The solution is considered as converged to the steady-
state value when the following criterion is satisfied:

Maximum I [ (CH)f- ( C H ) f - 5 0 } / ( C H ) f \ <e*

(T) A t , LOCAL MINIMUM

©A ^=(1-0.0025 j J A t j , USED HERE FOR C N < 1
©At = [(Aty Q ] s , GLOBAL MINI MUM FOR CN < 1

@At3= MAXIMUM (At2 ; Cn At,),At, = C N ( A t , ) _ _ n ' CB = l

^ M 4 =

where e* = 0(10 2) and CH is the nondimensional heat-
transfer coefficient defined as

© At4=At2 W I T H LARGE CN

USED HERE
FOR CN>1

0.01 r

0.003 -

At

0.001 -

0.0005 -

0.0003
0.001 0.05 0.10

Fig. 2 Definitions of various time steps at the stagnation point for
problem II; C7V=5, 0 = 1.02.

0.8 u

0 50 100 150 200 250 T

Fig. 3 Comparison of velocity and temperature profile for two
values of CN over conical flank portion of body for ft = 1.1, problem
1,5=1.767.

2fjLw / dh \
H~ PrRe Vdn)

The convergence test given here is for CN= 10 and is made
every 50 time steps; for C/V= 1 it is made every 500 time steps,
etc.

During the analysis, it was found that a lower value of the
damping coefficient16 e used with the explicit part was re-
quired if the order of differencing along the streamwise direc-
tion is reversed from one time step to the next in both predic-
tor and corrector steps of Eqs. (5a) and (5b).

The solution algorithm outlined herein includes treatment
of the source term in the implicit parts of the method.
However, in the results presented here, the source term in im-
plicit parts of Eqs. (5a) and (5b) was neglected, implying that
Ar(dQA/dU) and Ar(dQB/dU), etc., were small enough.
Their contribution was on the order of 5% in relation to the
other terms in the implicit part. The observation of Ref. 9 in
this regard appears to be true for the two problems treated
here. The physics of the problem is contained in the explicit
parts of Eqs. (5a) and (5b) and the source term is retained
there. Dropping the source term from the numerics contained
in the implicit parts of these equations does not seem to affect
the results appreciably. The inclusion of the source term in the
implicit part as outlined here, in general, is likely to increase
the computational time per time step by an estimated 5-10%.

The computed results for problem I are given in Figs. 3 and
4. These figures contain results for CN= 1 and 5 with the mesh
refinement parameter 0 = 1.1. The C7V= 1 results are those of
Ref. 13 and have been recomputed here. The two factors
outlined earlier prevented obtaining results for higher values
of C7V. The requirement of keeping the mesh Reynolds
number around unity did not allow further mesh refinement,
whereas the specification of the shock boundary condition ex-
plicitly with the given amount of mesh refinement did not per-
mit the use of higher values of C/V for this problem.

Figure 3 shows the velocity and temperature profiles over
the conical flank portion of the body. There is a good agree-
ment between the two values predicted by using C7V= 1 and 5,
the comparison being somewhat superior over the spherical
portion.14 The comparison between the predicted values of
skin-friction and heat-transfer coefficients for CN= 1 and 5 is
given in Figs. 4a and b. Once again, the various distributions
compare very well at the two CN values.

Figures 5a and 5b contain results for sample problem II. As
pointed out earlier, the reference Reynolds number in this case
is almost an order of magnitude larger than the one for prob-
lem I. Accordingly, a finer mesh (£= 1.02) can be employed
here, still keeping the mesh Re = 0(1). This allows the use of a
higher value of Courant number without going implicit all the
way up to the shock. Thus, results in this case have been ob-
tained for the value of CN as large as 15. Figures 5a and b
show good agreement between the distributions of skin-
friction and heat-transfer coefficients employing three values
of C/V. The velocity and temperature profiles also compare14

quite well at various C7V values.
The results presented here have been obtained on the Con-

trol Data CYBER 203 vector-processing computer. The ex-
plicit part of the method is fully vectorized. The increase in
computing time due to the addition of implicit part is about
70%. Typically it takes about 3.Ox 10 ~5 s per mesh point per
time step for the implicit part using the local minimum time
step.1 With the addition of the implicit part, this time in-

fThe same computing time per mesh point per time step for the ex-
plicit part is required if the global minimum time step is employed.
However, the total computing time in this case is increased by a factor
of about 2.5.
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Fig. 4 Comparison of wall quantities with two values of CN for
0 = 1.1, problem I.

creases to about 5 x l O ~ 5 s. Two factors that influence the
computing time in the present case are the partial vectorization
of the implicit part and the extent to which the implicit part is
called if the shock boundary is treated explicitly. However,
even with the increased computing time per time step, the total
computing time is reduced significantly. In case of problem II,
for example, the total computing time is about 6 times less at
C7V= 15 as compared to the computing time at CN= 1 with the
mesh refinement parameter /3 having a value of 1.02. For a
higher mesh resolution near the surface, a larger C7V value
may be used while still treating the shock explicitly. This
would reduce the total computing time even further when
compared to the computing time at CN= 1. The mesh refine-
ment, however, is done only to the point where the mesh
Reynolds number would be of order unity or so for the
reasons explained earlier.

Concluding Remarks
In the analysis presented here, the recently reported implicit

analog of MacCormack's earlier widely used explicit method
has been extended to external axisymmetric laminar flows with
strong entropy gradients. The details of the numerics of the
implicit part are obtained in a body-orientecl coordinate
system with a moving outer (shock) boundary during the tran-
sient part of the solutions. The implicit analog is uncondi-

.005 r
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.001

—— CN - 1
O C N - 5
O CN = 15

I
0 0.5 1.0 1.5 2.0

s

a) Skin-friction coefficient.

.010 .FT

_I
2.5

.5

b) Heat-transfer coefficient.

Fig. 5 Comparison of wall quantities with two values of CN for
0 = 1.02, problem II.

tionally stable if the boundary conditions are also specified
fully implicitly (i.e. without the lag of l/2 or 1 time step). In
this work, the inner (wall) boundary for the implicit part was
treated through the reflection concept as suggested in the
original presentation of the implicit analog by the third
author. The outer (shock) boundary was treated explicitly in
order to avoid the specification of this boundary condition im-
plicitly and to keep-the computational algorithm simple. Thus,
the present results do riot contain any approximation about
the treatment of the boundary condition which may affect the
stability of the implicit analog other than the Courant number
limitations. The limiting values of the Courant number are
provided when the shock boundary is treated explicitly. The
solution algorithm outlined includes the treatment of the
source term present in a weakly conservative system of
equations.

For the results presented here, the Courant number in the
coordinate direction along the body surface was 0(1), but the
CN in the direction normal to the body, because of the fine
mesh-point spacing needed to resolve the viscous boundary
layer at the body surface, varied from 5 to 15 depending on
flow Reynolds number. A detailed comparison of various
results obtained with different values of CN shows that the ac-
curacy of predictions is quite good at higher values of CN.
There is a significant saving in the overall computing time,
even though the computing time per time step increases by
about 70% with the inclusion of the implicit part. The code
developed for the implicit analog on the Control Data CYBER
203 computer was essentially an "addition" to the earlier ex-
plicit code. The coding of the implicit part is not greatly af-
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fected by the increase in complexity of the explicit part. This
may have special appeal in the analysis of 3-D flow problems.

Finally, the implicit analog has been applied to the viscous-
shock-layer problem in this work. This is done for the purpose
of analyzing a problem of specific interest and saving com-

putational time and storage. However, the approach that has
been outlined herein can easily be employed for solving the
full Navier-Stokes equations in a body-oriented coordinate
system without any change in the numerics of the implicit
part.

Appendix A: Source Terms QA and QB
Based on the definition of the total source term Q given in Ref. 13, Q^ and QB identified with coordinates £ and rj, respectively,

are defined as:

QA=-

Xsin0

Xsin0-pu

\L dy du
* Q K-^--——p\smd + \Re

Xsin0
puv

Xsin0-puff

(Al)

COS0

cos0 f JJL dy du——X \puv—-— —— ——-
j37 L Re dn dy \Re

cos0

cos0A r „ ii^rxr"~™ drj dh pit dy du
PrRe dn drj Re dn \Re

(A2)

where

dn

and the transformation Jacobian / is

d(t,s,n)

Appendix B: Jacobian Matrices A and B
The Jacobian matrices A and B are obtained from

A =

— uu + -

L

P'tn (Bl)
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—— fls-

ft'V

where c = \fyp7p is the speed of sound, a' = (u2 +1^)/2, and 0' = (7- 1).

Appendix C: Matrices £{, 5f7, 5,, and 5~7

The matrices S{, Sf7, S,, and S~7 are given by

!-*£-

tf
a

c2

-ra

110'
c2

\ -JXpa

2C2

2C2

2C2

1

-^
d*"

pc

c2

(vcris/\-ucr)n)
P8
c2

o

c2

c2

c2

c2

pc

pc

pc/ v
T\~

1
~2c*

2C2

2C2

2C2

1w

2C2

(B2)

(Cl)

(C2)

(C3)

(C4)
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If it is assumed that the outer boundary (which is shock in the
present case and moves with time during the transient part of
the solutions) is fixed, e.g., for the internal flow problems,
then 77, and £, are identically zero and Eqs. (C1-C4) reduce to
those obtained in Ref. 8 for a flat surface (X= 1). It may be
mentioned that for obtaining the expressions provided here
certain columns and rows of Eqs. (12) and (13) of Ref. 8 need
to be multiplied and divided by (pcr/2) and a change in their
order is required.
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